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Abst rac t - - In  this paper, we consider the scattering problem for a locally perturbed half-plane 
with L 2 boundary values, and we obtain a uniqueness result to the solution. Especially, we prove 
our result for the two-dimensional Dirichlet boundary value problem (in L2-sense) for the Helmholtz 
equation in a locally perturbed half-plane. (~) 2005 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper, we consider the scattering problem for a locally perturbed half-plane with L 2 
boundary values, and we prove a uniqueness result for the two-dimensional Dirichlet boundary 
value problem (in L2-sense) to the Helmholtz equation in a locally perturbed half-plane. 
The problem of scattering from a rough surface has drawn increased attention in recent years 
due to its importance in various areas of optics, radiowave propagation and radar techniques, and 
has been studied extensively by many authors by using numerical or analytic methods (see [1-3]). 
However, very few authors have undertaken a rigorous mathematical  study of the problem. Es- 
pecially, for bad surfaces (the surface has some corners) a few papers can be found. As we know, 
some people have been studying the obstacle scattering problem with L 2 boundary values and 
obtained some results (see [4-6] and the reference therein). It is not so easy to extend their 
methods to scattering problem with a unbounded scattering surface. So, in this paper, we try 
to do something in this area and try to get some results. Although we consider the scattering 
problem in two-dimensional space, our study can be extended to higher-dimensional space. In 
higher-dimensional space, if the scattering surface also has the locally perturbed properties, we 
can get similar results. 
In 1998, Chandler-Wilde and Zhang established a existence and uniqueness result to the direct 
scattering problem with a rough surface (see [7,8]), but the boundary values are continuous on 
the boundaries. In some sense their methods can be used to study the same problem with L 2 
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boundary values (or in Sobolev spaces). For example, in paper [9] Chandler-Wilde studied the 
impedance boundary value problem for the Helmholtz equation in a half-plane with arbitrary 
Lo~ boundary data, and obtained some existence and uniqueness results. Later in 2000, Zhang, 
Chandler-Widle, Haseloh and Ross considered the solvability of integral equations on the real 
line in weighted and L p spaces. Their methods can be used to study the scattering problem with 
a rough surface or boundary values in more general spaces. However, in our paper, we don't 
consider existence of the solution to our problem, and just discuss uniqueness. To the existence, 
we can refer to the papers [7,9-11] and some books [3,6,12-15]. Some remarks will be given at 
the end of Section 1. 
In this paper, we consider the scattering problem for a locally perturbed half-plane which can 
be used to model the scattering of time-harmonic electromagnetic waves by an infinitely long 
cylinder (see [9]). 
The outline of this paper is as follows. In Section 2, we give the precise formulation of this 
scattering problem. Our main result and its proof will be stated in Section 3. 
2. THE D IRECT SCATTERING PROBLEM 
The scattering of time-harmonic electromagnetic waves by an infinitely long cylinder with a 
perfectly conducting boundary is modeled by a Dirichlet problem for the Helmholtz equation 
(the corresponding background can be found in the paper [9]). Then, writing E = (0, 0, u) with 
a scalar function u = u(x l ,  x2) which means that the electric and magnetic fields are invariant 
with respect o xa, and the electric field E is parallel to the x3-axis, the Maxwell equations are 
equivalent to the Helmholtz equation 
Au + k2u = O, (1) 
where A is the Laplacian in R 2 and k is the wavenumber which is required to satisfy the following 
condition: 
0 < IRe(k)[ <_ Im(k). (2) 
The perfect conductor boundary condition, i.e., the vanishing of the tangential component of the 
electric field at the boundary, is equivalent to the Dirichlet condition u = 0 at the boundary. 
Let F be a smooth curve contained in the upper half-plane R~_ = {(Xx,X2) : x2 >_ 0} C R 2, 
such that only its two end points A = (a, 0) and B = (b, 0) with a > b lie on the boundary OR2+. 
Denote Fb = {(xl,0) : --co < xl < b} and Fa = {(xl,0) : a < xl < ÷c~} and let D~ be the 
unbounded omain above OD~ = Fa U F U Fb. 
If the tangent lines to F at the end points A and B are not parallel to 0R~_, the problem can be 
reformulated as an exterior obstacle problem for a symmetric domain, and the classical methods 
can be used to study the corresponding direct and inverse scattering problem even for the L p 
boundary conditions (see [9,12]). 
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Figure 1. Our problem. 
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Here, we assume that the tangent lines to F at the end points A and B are parallel to OR2+ 
and there are smooth connections among F, F~ and Fb at the two points A and B. 
We use x p = (X l , -x2)  to denote the reflection of x = (Xl, x2) about the line OR~_, i.e., about 
the xl-axis. 
The total field about the perturbed half-plane is 
u=u~+uP+u 8, (3) 
where u ~ = e ik~d is the incident field (plane wave) with d a unit vector describing the direction 
of propagation, and u p = -e  ikx'dp is the solution of the scattering problem for the half-plane. So 
u(x) satisfies the Helmholtz equation 
Au+k2u =0,  in De, (4) 
with the Dirichlet boundary condition 
u = 0, on ODe. (5) 
The unknown scattered field u s is required to satisfy the Sommerfeld radiation condition 
lim r 1/2 ( Ou~ - iku  ~) 
~oo \ Or = O, r=lxl, (6) 
uniformly for all directions ~: = x/[x[ in the upper half gt+ = {(xl, x2) • f~ : x2 _> 0} of the unit 
circle f~ = {x 6 R 2 :]xl = 1}. 
After renaming the unknown function, the problem (4)-(6) is a special case of the following 
Dirichlet problem. 
Given f • C(F) and f (A) = f(B)  = 0, find a solution u • C2(D~) A C(/)e) satisfying 
Au + k2u = 0, in De, 
u = f, on F, 
u = 0, on ODe\F, 
(7) 
and the Sommerfield radiation condition 
lim rl/2 ( O_-~- - iku~ =0, r = [xl, (8) 
~---* OO \u r  / 
uniformly for all directions ~ = x/]x[ in fl+. 
In this paper, we assume that the function f • L2(r) and f (A) = f (B)  -- O. So, now we try 
to find a solution u • C2(De) satisfying (4) with the Sommerfeld radiation condition (8) and on 
the boundary 
u=]= { f • L2(F)' onr ,  
0, on oDAr. (9) 
Here, we must notice that the boundary conditions axe understood in a weak sense, i.e., the 
boundary value is satisfied if 
lim f ]u(x - hu(x)) - f[2 ds(x) = 0, (10) 
h-*+0 JODe 
where u(x) is the unit normal directed outward of the domain De. 
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REMARK. The following are some remarks about existence of a solution to our problem. 
(1) If we modify the above problem (7),(8) in the following form. Given g E Be(ODe) 
(continuous and bounded functions), determine u E C2(De) M C(De), such that 
Au + k2u = O, in De, 
(11) 
u = g, on ODe, 
with supxeD ~ x~2iu(x)[ < cc for some ~ E R. When the wavenumber k > 0, Chandler- 
Wilde and Zhang in [7] obtained existence and uniqueness . 
(2) If g E L2(OD~) (or LP(OD~) and some Sobolev spaces), Zhang, Chandler-Wilde, Haseloh 
and Ross stated some methods to get existence. However, it is not so easy to get existence 
of a solution if g E L2(OD~). If we can transform the above problem into a boundary 
integral equation, for example, (A - K )~ = ¢ where )~ E C and K is an integral operator, 
then for 1 < p _< c~, we have exactly one solution ~ E LP(R) for every ~ E LP(R). So, in 
some sense, we can establish the existence of a solution to g E L2(ODe). For more details, 
we can refer to [10,11,14]. 
(3) In this paper, we consider a special case, that is, only on part of the boundary ODe, the 
boundary value f E L2(F). We can use the same ideas in [10,11,14] to discuss existence 
of a solution. 
3. UNIQUENESS 
Choose parallel surface Fh = {x -- hu(x) : x E ODe} to boundary 0D~with h > 0 sufficiently 
small (some properties can be found in [12]). 
B A Xl 
Figure 2. Our problem. 
Use D)  to denote the unbounded omain above I'h and define 
J(h) = fr lu(z)12 ds(z)" 
h 
Then we have 
(12) 
I' 
J(h) = ~ lu(z)12 ds(z) (13) 
J F  h 
= f {1 + 2hg(x) + h2g(x)} ]u(x - hv(x)l 2 ds(x), (14) 
dO Dr  
for h > 0 sufficiently small, where H and K denote the mean and Gaussian curvature of ODe (in 
fact, we used the formula in R 3, maybe it's easy in R 2 space). In this paper, we suppose that 
the boundary ODe is good enough such that H and K are bounded. 
Now, we state our main result as the following theorem. 
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THEOREM 3.1. Problem (4),(8) and (9) has at most one solution if the wavenumber k satisfies 
the condition (2). 
Suppose that Ux and u2 are two different solutions of the problem (4),(8) and (9). Then 
u = ul - u2 satisfies the same problem with boundary condition f = 0 in L2(ODe), i.e., 
lim f lu(x-  hv(x))]~ds(x) = 0. (15) 
h~+O JoDe 
Therefore, in order to prove Theorem 3.1, it is enough to show that the problem (4),(8) and (9) 
just has the trivial solution if f = 0 in L2(ODe). 
LEMMA 3.1. If the wavenumber k satisfies the condition (2) and the problem (4),(8) and (9) has 
boundary condition f = 0 in L2(ODe), then we have 
Re( /h~f ids (x ) )  >_ /D [ ~T u[2 dx. (16) 
PROOF. For simplicity, we assume that the origin point is located between the two points A 
2 2 and B. The locally perturbed surface F is contained in a big half disc ~R = {(xl, x2) : Xl+X2 _< R 
and x2 _> 0} which has two end points C and D on Fh. We use I~h CD to denote the part of I~h 
between C and D, and define ~~+Rh = Oh N fiR. So 0~-~+Rh = 0~-~+R (.J Fh CD where 0~ + = {x E OQR: 
above Fh} (see Figure 3). 
X2 
C D~ 
B A xl 
By Green's theorem, 
and 
So, we have 
Figure 3. Our problem. 
n (Au- f i+Vu.  Vfi) dX=fo  Ou_ +~ ~+~ -~vu ds(x) 
foa~h Ou N eds(x) = frcD o~ o~ N ~d~(~) + ~a+~ N ~d~(~)' 
/o - cD-ff'~v ~tds(x) = +Rhk2[~[2dx- ~. I vul2dm+ aN ~-ds(x)  
(17) 
(18) 
(19) 
(20) 
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Take the real part of the above equation, we have 
-Re(~r~D~CZds(x) ) =I~e(k2)/~+h'ul2dx-/:+hlVu'2dx+Re(~+~ds(x) ) • 
The Sommerfeld radiation condition implies that 
~0~+ ~ - iku 2 ds(x) ---* O, 
o~+. luj2 d~(~) = o(1) ,  
So, from the condition (2), 
R--*+oo ~+R ~-~u R--*+cc 
as R ~ +c~, 
as R -~ +c~. 
Now, let R ~ +co, and use the condition (2), 
or 
-limR_~+~/a~h 'gradu'2dx+ R-~+cclim Ree(~ °~+ ~ds(x) )  
--<--/D t gradu]2 dx 
Re (Jfrh ~ds(x) l  ~ /D~ IV ul2 dx" 
So, we complete the proof of the lemma. 
PROOF OF THEOREM 3.1. Using direct calculations, we have 
dJ(h) f {2g(x) + 2hg(x)} [u(x - hv(x))l 2 ds(x) 
dh JODo 
or 
1 dJ(h) 
2 dh 
(21) 
(22) 
(23) 
(24) 
+ foDo {1 + 2hH(x) + h2K(x)} 0 [u(x - hv(x). ~(x - hv(x)] ds(x) 
- - -  = foDo {H(x) + hK(x)} I~(x - h.(~))f ds(~) 
- fOD~ { l+2hH(x)+ h2k(x)}Se \Or ] 
=-  Jfr~ Re (~--~uv~) ds(x) + lODe { H (x) + hK (x) } ,u (x - hv(x) ,2 ds(x) 
= -Re  (fr~ ~r~ds(x))÷ fODo{H(x)÷hK(x)}lu(z--hv(x))]2 ds(x). 
Uniqueness of a Scattering Problem 1369 
Define 
I1 = - Re h ~vv~2 ' 
I2 = fo {H(x) + hK(x)} lu(=- hv(x))l 2 ds(x), 
D~ 
and we have 
From the assumptions, 
SO 
1 dJ(h) _ 11 +/2 .  (25) 
2 dh 
lim [ lu(x - h~,(=)l= ds(=) = O, (26) 
h~+O JOD, 
12 --* 0, as h ~ +0. (27) 
By Lemma 3.1, 
I i=-Re  ( f rh  
Assume that Vu ¢ 0 in D~. Then there exists some closed ball B, contained in De, such that 
= £ Iwl 2 dx > 0. (29) 
Hence, we have 
dJ(h) <_-a, 
dh 
for all 0 < h < h0 with sufficiently small h0 > 0. 
Since J(h) is continuous on [0, h0] and J(0) = 0 (from the boundary condition), we have 
(30) 
J(h) <_ -ah, 
for all sufficiently small h with 0 < h <_ h0. 
This is a contradiction to J(h) >_ 0 for all h > 0. Therefore, u must be a constant in De. The 
boundary condition implies that u - 0 in De. 
This completes the proof of Theorem 3.1. 
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